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ON SOME NUMEEICAL DIFFICULTIES I N  IWTEGRATING 

THE EQUATIONS FOR O m -DIMENSIONAL 

NONEQUILI3RIUM NOZZLE FLOW 

By Harvard Lomax, Harry E.  Bailey, 
and f ianklyn  B.  Fu l l e r  

Ames Research Center 

SUMMARY 


Several  numerical d i f f icu l t ies  arise i n  t h e  problem of in tegra t ing  t h e  
ordinary d i f f e r e n t i a l  equations t h a t  represent  t h e  flow of a gas i n  chemical 
nonequilibrium through a nozzle.  These d i f f i c u l t i e s  are i d e n t i f i e d  with par­
a s i t i c  eigenvalues, saddle-point behavior, and indeterminate forms. The 
numerical d i f f i c u l t i e s  and t h e  methods t h a t  successful ly  overcame them f o r  t h e  
pa r t i cu la r  examples analyzed are discussed i n  t h i s  r epor t .  

INTRODUCTION 

The equations represent ing one-dimensional s teady flow of a gas i n  chem­
i c a l  equilibrium through a nozzle (channel flow) are w e l l  known (see, e .g . ,  
r e f .  1). These equations are t r e a t e d  again here  f o r  t h e  purpose of studying 
c e r t a i n  d i f f i c u l t i e s ,  spec i f i ca l ly ,  saddle-point behavior, t h a t  arise when 
they are in tegra ted  numerically through t h e  t ransonic  region.  The technique 
developed from t h e  simpler problem i s  then appl ied t o  c l a r i f y  some of t h e  d i f ­
f i c u l t i e s  encountered i n  in tegra t ing  t h e  much more complicated equations t h a t  
represent  t h e  flow through a nozzle of a gas i n  nonequilibrium. The phys ica l  
model of air used i n  these  computations i s  t h e  same as t h a t  used i n  r e f e r ­
ence 2. This model has been g r e a t l y  improved i n  t h e  ensuing years  i n  a var i ­
e ty  of ways by a v a r i e t y  of authors .  However, t h i s  repor t  i s  an ana lys i s  of 
numerical d i f f i c u l t i e s  t h a t  can a r i s e  i n  in tegra t ing  t h e  equations formed 
f r o m t h e  choice of any model, and, f o r  t h i s  purpose, t h e  one chosen appears 
reasonably representa t ive .  

I n  re ference  2, a c r i t i c a l  ana lys i s  of several numerical methods f o r  
computing t h e  flow of a gas i n  chemical nonequilibrium has been c a r r i e d  out .  
Certain information contained i n  t h a t  reference,  such as t h e  concept of para­
s i t i c  eigenvalues and t h e  construct ion and value of implicit  methods, i s  help­
f u l  f o r  a de t a i l ed  understanding of t h e  material presented here .  However, i n  
reference 2, t h e  examples are l imited t o  t h e  nonequilibrium flow behind a 
normal shock wave. Addit ional  complications a r i se  i n  t h e  t r anson ic  sec t ion  of 
a nozzle; two of t h e  most important are those  a r i s i n g  from t h e  exis tence of a 
saddle point  and t h e  problem of numerical so lu t ion  of t h e  d i f f e r e n t i a l  equa­
t i o n s  when t h e  gas they  represent  i s  near ly  i n  equilibrium. 
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The question of in tegra t ing  through t h e  saddle point  has general ly  been 
avoided by considering t h e  gas to be i n  equilibrium from a pos i t ion  upstream 
of t h e  minimum sec t ion  to one a l i t t l e  downstream from it. I n  f ac t ,  most 
of ten  a pressure d i s t r i b u t i o n  along t h e  channel i s  assumed i n  t h i s  region; 
t h e  corresponding cross -sect ional  a rea  follows from a d i r ec t  calculat ion,  and 
a f e w  i t e r a t i o n s  produce t h e  desired approximate nozzle shape i n  t h e  t ransonic  
p a r t .  This procedure i s  not always usable, however, and, i n  t h i s  repor t ,  
d i r ec t  methods Stre developed f o r  treating saddle po in t s .  For example, i f  t h e  
flow i s  out of equilibrium upstream of t h e  th roa t ,  t h e  abovementioned device 
i s  unsat isfactory.  An example of such a case i s  included here .  Also,  i n  
other problems, such as  blunt-body flow, t h e  method of i n t e g r a l  r e l a t ions  
of ten  leads to saddle-point behavior, and it becomes necessary to use 
techniques such as those t o  be presented. 

[ I  matrix of enclosed quantity 

[ I -=  inverse of matrix 

K cross -sect ional  a rea  of nozzle 
-
AX der iva t ive  of with respect to x 

[A,] matrix i n  l o c a l l y  l i nea r i zed  equations ( see  eq. (10 ) )  

a equilibrium speed of sound 

a* c r i t i c a l  speed of sound 

(aij) element i n  A, matrix 
n 

CP i  spec i f i c  heat a t  constant pressure f o r  i t h  species  

t runca t ion  e r ro r  

F derivatzve of 

h s t ep  s i ze  

h i  enthalpy of  

[I1 uni t  matrix 

n s t ep  number 

2 

w with respect  to s (see eq. (6) )  

i t h  species 



P pressUT e 

Qi production of spec ies  i i n  moles per un i t  volume per un i t  t i m e  

R universa l  gas constant 

S independent va r i ab le  

SO s c a l e  f a c t o r  ( see  eqs. ( 3 ) )  

T temperatUT e 

? U ve loc i ty  

W dependent va r i ab le  i n  coupled equations ( see  eq. (6))  

X dis tance  along nozzle 

Z* Yi 
i 

Y r a t i o  of s p e c i f i c  hea ts  for a per fec t  gas 

Y i  molar concentration of i t h  species moles/gm 

P density 

eigenvalue of matrix [A,] 

Superscripts 

+ vector 

T 	 transpose of vector 

? d i f f e r e n t i a t i o n  with respec t  t o  s 

BASIC EQUATIONS 

Equilibrium Flow 

When an i n v i s c i d  channel f l o w  i s  i n  chemical equilibrium, t h e  bas ic  
equations can be expressed i n  terms of t h e  t h r e e  dependent va r i ab le s  u, p y  
and p by t h e  matrix equation 



where x i s  t h e  independent va r i ab le  represent ing  length  along t h e  channel, a 
is  t h e  channel c ross -sec t iona l  area at a given x, and t h e  subscr ip t  i nd ica t e s  
d i f f e r e n t i a t i o n  with respec t  to x. It is  w e l l  known t h a t  t h e  so lu t ion  of 
equation (1)can be found d i r e c t l y ,  and t h e  dependent va r i ab le s  u, p, and p 
can be expressed as functions of A ,and re ference  conditions (see, e .g . ,  
ref .  1). A s  w a s  pointed out i n  t h e  Introduction, however, w e  a r e  i n t e r e s t e d  
here i n  t h e  numerical so lu t ion  of equation (1)i n  order to study t h e  t e c h ­
niques requi red  to treat more complicated problems with fundamentally s i m i l a r  
numerical d i f f i c u l t i e s  t h a t  cannot be reso lved  a n a l y t i c a l l y .  

Equation (1)can be  solved d i r e c t l y  for t h e  de r iva t ive  terms. One f i n d s  

ua2ix 

% = - ~ ( a 2- u2) 1 
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which give,  by inspec t ion ,  t h e  well-known condition t h a t  i f  t h e  ve loc i ty  
becomes sonic,  t h e  der iva t ives  of t h e  dependent va r i ab le s  a l l  have zero denom­
ina tors ;  i f  they  are to remain continuous, t h e  numerators must a l s o  vanish. 
I n  t h i s  case, t h e  numerators can vanish only i f  Ax = 0, which leads  to t h e  
well-known f a c t  that t h e  sonic ve loc i ty  occurs at  t h e  t h r o a t .  O f  p r i n c i p a l  
i n t e r e s t  f o r  OUT purposes i s  t h e  f a c t  t h a t  t h i s  indeterminate form leads  to 
t h e  study of c r i t i c a l  po in t s  ( i n  p a r t i c u l a r ,  saddle po in t s )  and t h e  numerical 
d i f f i c u l t i e s  . t h a t  occur near them. 

An ana lys i s  of saddle po in t s  from a numerical standpoint i s  presented i n  
t h e  next p a r t .  Now w e  note only t h a t  t h e  indeterminacy i n  equations (2)  can 
be eliminated by a simple transformation; t h e  genera l  procedure i s  ou t l ined  
i n  reference 2.  Introducing t h e  new independent v a r i a b l e  s, defined by 

dxE 	-= s s ( a 2  - u2)ds 

where so i s  a constant s c a l e  f a c t o r ,  makes x a dependent va r i ab le  i n  t h e  
new s e t  of four coupled nonlinear d i f f e r e n t i a l  equations 

u' = -= -soua2­d'ds 

p'  = s0pu2-Ax 

p'  = s,pu 2a2-Ax 

x' = sJ(a2 - u2) 
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Notice t h a t  equations (3) are determinate f o r  a l l  f i n i t e  values of s and 
autonomous ( i .e . ,  s does not appear e x p l i c i t l y  on t h e  r i g h t  -hand s ides  of t h e  
equations).  

Nonequilibrium Flow 

The basic  equations used herein f o r  nonequilibrium channel flow are 
i d e n t i c a l  to those presented as equations (1)i n  reference 2. With a s l i g h t  
change i n  t h e  notat ion (z* f o r  cyi ,  C; for Cyicpi), t h e  equations can be 
wr i t ten  1 1 

N 
du *dT + h i * = OdY * u -dx + cP E 
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If equations (4)  a r e  solved fo r  t h e  der iva t ives  du/dx, dp/dx, and dT/dx,  
each expression has i n  i t s  denominator t h e  term 

TR~*C: - U~(C; - RZ*) 

which i s  t h e  counterpart  of t h e  t e r m  a2 - u2 t h a t  appeared i n  equations (2 ) .
It can be eliminated by a transformation s i m i l a r  t o  equation (3d). There 
results 
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s , p d [ - ~ % ~  + C:TD2] - Rz*Tpu2CF, 

P' = sop%-[z*Dl - C;TD2] + p2u3(C; - Rz*) & 

T '  = so&[(u2 - Rz*T)D, - u2pRTD,] + Rz*Tpu3xx ) (5) 

X '  = sop~[TRz*C~- u2(C; - Rz*)] 

t 

Y i  = sopKQi[TAz*C; - u2($ - Rz*)] , i = 1, . . i, N 

where 
N 

F r 

N 

D, = CQi 
1 

and where s, i s  again a sca l e  constant.  The dependent var iab le  T has-
replaced p,-used i n  t h e  equilibrium case, and t h e  N species concentrations 
a r e  now coupled i n t o  t h e  equations. Notice, however, t h a t  t h e  equations a r e  
determinate and autonomous . 

Some of t h e  numerical d i f f i c u l t i e s  t h a t  occur i n  in tegra t ing  equa­
t i o n s  (5)  can be i l l u s t r a t e d  by a study of t h e  much simpler equations ( 3 ) .  
Hence, t h e  f irst  pa r t  of t h e  repor t  w i l l  be devoted t o  t h e  numerical analysis  
of equilibrium flow. 

Local Linear izat ion 

The loca l ly  l i nea r i zed  forms of equations (3) and (5)  w i l l  next be con­
s t ruc ted ,  following t h e  procedure of reference 2. I n  e i t h e r  case, equilibrium 
or nonequilibrium, t h e  equations of motion can be represented i n  vector 
notat ion as 

where, for equations (3 ) ,  
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and fo r  equations (5)  

GT = (U,P,T,Y1 , - * , Y"X) 

Note t h a t  equations (6) a r e  quasi- l inear ,  t h a t  i s ,  t h e  highest der iva t ive  
appears l i n e a r l y .  The l i qea r i za t ion  i s  now performed by expansion of each 
component of t h e  vector F, denoted F i ,  i n  a multidimensional Taylor s e r i e s  
about t h e  point sn = nh. This gives,  after subs t i t u t ing  equation (6) ,  

+fo r  t h e  i t h  component w; of w ' .  The number of components of w i s  taken 
t o  be m; henceA t h e r e  are -+m coupled equations such as (9) i n  t h e  set .  Note 
t h a t  when G = w ( s  + nh) = wn+l 

by Taylor expansion. By defining t h e  Jacobian matrix 

[A] = (aij) = r3)3 W j  

t h e  s e t  of equations (6) can be wr i t ten  

= [An]? + 2n + O(h2 ) (10) 

where 
-+ + 
f n  = Fn - [An]3, 

It i s  important t h a t  although equation (10) represents  t h e  l o c a l  l i n e a r -
-+i z a t i o n  of equation (6) (referenced t o  sn = nh), it i s  t h e  der iva t ive  w '  

t h a t  i s  represented as l i n e a r  i n  t h e  s t eps i ze  h .  Therefore, i n  a d i f fe renc­
ing  scheme, t h e  l i n e a r i z a t i o n  here i s  consis tent  with any method that approx­
imates t h e  funct ion i tself  with a second-degree polynomial. For example, i f  
t h e  difference scheme i s  

+ + 1 
wn+i = wn + 2 hGA+l + 3;) + O(h3) 
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then  in se r t ing  expression (10)for  t h e  de r iva t ive  terms does not alter t h e  
order of the e r r o r .  

The [A] matrix i s  not d i f f i c u l t  to construct ana ly t i ca l ly  i n  t h e  case of 
equilibrium flow represented by equation (3 ) .  It i s  espec ia l ly  simple (and 
just as in s t ruc t ive )  to assume a c a l o r i c a l l y  per fec t  gas; then 

and 

2--so" Ax so -1 ua2-Ax 
P 

-so -1ua2iTx
P 

2SOPGX sou 
2-
Ax 0 

2i0pua 2-Ax 0 so  5 PU2 2-1 a A x  

-2s0G -so -1 a2K
P 

1 so 5 a2K 

­

-

If t h e  nonequilibrium equations (4) axe to be in tegra ted  by means of 
impl ic i t  formulas, t h e  A matrix will be 13 x 13 f o r  t h e  gas model used i n  
reference 2 and i n  t h e  present r epor t .  However, just as i n  reference 2, t h e  
elements of A a r e  not determined ana ly t i ca l ly .  They are computed by t h e  
approximate formula 

NUMERICAL INTEGRATION THROUGH A SADDLJC PODR 

Introductory Example 

The ana ly t i ca l  behavior of autonomous systems of f irst  -order ordinary 
d i f f e r e n t i a l  equations has been thoroughly s tudied  i n  t h e  mathematical l i tera­
ture .  The face t  of t h i s  material of pa r t i cu la r  i n t e r e s t  i n  t h e  present inves­
t i g a t i o n  i s  w e l l  summaxized i n  reference 3, page 7 0 ,  f f .  A s  mentioned 
previously, t h i s  part of t h e  theory i s  t h e  study of behavior of solut ions near 
a c r i t i c a l  point ,  spec i f i ca l ly ,  a c r i t i c a l  point  of t h e  type known as a saddle 
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poin t .  Because of t h e  advantage of geometrical v i s u a l i z a t i o n  of t h e  poin ts  
involved, t h e  case involving only two independent va r i ab le s  w i l l  be considered 
first . 

Let t h e r e  be two d i f f e r e n t i a l  equations 

dx
-= P(x,w)dt 

dw-= Q(x,w)d t  

which can be put i n  t h e  form 

dx
-= allx + a12w + f l ( x , w )d t  

dw-= a21x + a22w + f2(x,w)d t  

Further,  suppose t h a t  - a21a22 # 0 ,  and t h a t  

l i m  f i = O ,  i = l , 2  
x,w+o m 

The point x = w = 0 i s  then  s a i d  t o  be a s i m  l e  s i n g u l a r i t y  of t h e  system. 
It i s  shown i n  t h e  theory  (see, e.g., ref .  7g3 t h a t  under such circumstances, 
t h e  s i n g u l a r i t y  of system (14) at x = w = 0 has e s s e n t i a l l y  t h e  same nature 
as t h a t  of t h e  l i n e a r i z e d  system 

The constants aij are components of t h e  Jacobian matrix used above, t h a t  is ,  

Hence t h e  condition on t h e  constants a i j  can be s t a t e d  i n  terms of t h e  non­
vanishing of t h e  Jacobian a(P,Q)/a(x,w) at t h e  o r i g i n .  

Note t h a t  i n  t h i s  case t h e  d i f f e r e n t i a l  equations (15) can be combined to 
give 

dx a l lx  + a 1 2 w- =  
dw a21x + a22w 

9 
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The point x = w = 0 i s  then  seen t o  be one a t  which t h e  de r iva t ive  i s  inde te r ­
minate. While t h i s  simple means serves t o  f i x  t h e  saddle point when t h e r e  a r e  
two variables involved, such as x and w above, it i s  not c l e a r  at once how 
it can be extended t o  more complicated cases, such as t h a t  represented by t h e  
system of equations ( 5 ) .  A more s u i t a b l e  t es t  f o r  more than  two va r i ab le s  i s  
given below. 

A s  an example, corisider t h e  autonomous l i n e a r  system of d i f f e r e n t i a l  
equations : 

dw - 2w - x + 0.5 
ds 

dx 

ds - -w + 1 . 0  


or  
dw 2~ - x + 0.5- =  
dx 1 - w  

From t h e  lat ter form it is  s e e n  t h a t  t h e  c r i t i c a l  po in t  is  a t  w = 1, x = 2.5. 
It i s  he lpfu l  t o  put equations (16) i n t o  t h e  vector-matrix nota t ion  used 
above i n  t h e  sec t ion  on Local Linearization. Thus, put 

2.0 - 1.0-i9= ( w , x ) ;  [*I = �1.0 0 I; F = (0 .5 , i .o )  

and equations (16) can be wr i t t en  

This equation i s  formally equivalent t o  t h e  l i n e a r i z e d  form, t h a t  is ,  t h a t  
obtained by neglecting terms O(h2) i n  equation (10).  

The eigenvalues of t h e  matrix i n  equation (1611) are 

crl = 1 - & w  -0.414 

o2 = 1+ & w  2.414 I 
They are r e a l  and of opposite sign. This f a c t  i s  important s ince  it charac te r ­
i zes ,  f o r  t h e  two-dimensional ease, t h e  c r i t i c a l  po in t  as a saddle po in t .  I n  
cases where more va r i ab le s  a r e  present,  t h e  presence of eigenvalues of d i f f e r ­
ent sign, i n  company with a reauirement t h a t  so lu t ions  remain f i n i t e ,  can be 
taken as indica t ions  of saddle-type behavior. The behavior of t h e  i n t e g r a l  
curves of equation (16a) (or (16b)) i s  e a s i l y  found. Independent so lu t ions  
f o r  w and x a r e  combinations of t h e  complementary so lu t ions  e''' and e02s 
with t h e  p a r t i c u l a r  i n t e g r a l  w = 1.0, x = 2.5. If wo and xo a r e  t h e  values 
of w and x, respec t ive ly ,  at s = 0, then  t h e  genera l  so lu t ion  of equa­
t i o n  (16b) i s  

10 




w - 1.0 = -1 [(x, - 2 .5 )  - b,(wo - l)]e'ls 
2 f i  

Since o1 and o2 a r e  r e a l  and of opposite sign, with 62 > 0, it i s  
c l e a r  t h a t  one or t h e  o ther  of t h e  exponential t e r m s  must have a zero c o e f f i ­
c i en t  i f  a so lu t ion  i s  t o  remain f i n i t e  as s ++m. Thus, a f i n i t e  so lu t ion  
as s + +oo r e s u l t s  i f  xo - 2.5 = a2(w0 - 1) while a f i n i t e  so lu t ion  as 
s + -co r e s u l t s  i f  xo - 2.5 = a l ( w o  - 1). I n  t h e s e  two cases, t h e  i n t e g r a l  
curves a r e  contained i n  t h e  l i n e s  ( sepa ra t r i ce s )  

1.6 

1.2 r e spec t ive ly .  These l i n e s  a r e  
121 W=l+l . -2 .51/ l l+J?I  i d e n t i f f e d  i n  sketch ( a ) .  

8 
If t h e  i n i t i a l  conditions (xo, 

W wo) l i e  on l i n e  ( 2 )  i n  t h e  sketch, 
4 then  as s increases t h e  so lu t ion  

w i l l  fo l low t h i s  l i n e  toward t h e  
0 po in t  (2.5, 1 .0) .  In t eg ra t ion  i n  

t h e  opposite d i r e c t i o n  ( s  decreas­
-.4 

, i n g )  would g ive  a n  i n t e g r a l  curve 
8 1.2 1.6 2.0 2.4 2.8 3.2 

..cm moving away from t h e  saddle poin t .  
Similar remarks, with s ign  reversal 

Sketch ( a ) .  - Saddle curve behavior f o r  on s, hold f o r  t h e  l i n e  (1)i n  t h e  
equations (16). sketch. 



If t h e  i n i t i a l  conditions do not s a t i s f y  one of equations (lg), no 
matter how small t h e  error, t h e  corresponding i n t e g r a l  curve w i l l  contain an 
exponentially increasing component t h a t  w i l l  prevent t h e  curve from ever 
approaching t h e  saddle poin t .  Instead, t h e  curve w i l l  have a hyperbola-like 
shape and w i l l  u l t imately approach +a. This f a c t  i s  at t h e  root of numerical 
d i f f i c u l t i e s  i n  t h e  so lu t ion  of d i f f e r e n t i a l  equations having saddle-point 
s ingu la r i t i e s ;  s ince  computing machines do not reproduce numbers exactly,  
t h e r e  will always be an e r ro r  i n  t h e  i n i t i a l  condi t ions.  

We s h a l l  now discuss  the  numerical determination of  t he  i n t e g r a l  curves 
of equation (16b). The p a r t i c u l a r  method chosen i s  t h e  second-order Runge-
Kutta : 

1 

This method w i l l  a l s o  be used l a t e r  i n  in tegra t ing  t h e  flow equations d i s ­
cussed i n  t h e  previous sec t ions .  Precise  meanings of terms and symbols used 
i n  equations (20) and t h e  numerical ana lys i s  t h a t  follows can be found i n  
references 4 and 5. 

Accuracy 

The accuracy of t h e  i n t e g r a l  curves found by applying t h e  in tegra t ion  
method (20) to t h e  d i f f e r e n t i a l  equations (16) w i l l  be discussed f i rs t .  The 
t runca t ion  e r ro r ,  erA, f o r  t h e  second-order Runge-Kutta method i s  given by 
(see ref.  5, p .  63) 

1 3erA = g (oh) 

Here, CI = o2 = 2.41 i s  t h e  l a rges t  eigenvalue. Hence, a s teps ize  
h = AS = 0.05 gives a l o c a l  t runca t ion  e r ro r  of about 

erA = 3x10-* 

Thus, w e  should expect a t o t a l  accumulated ("global") e r ro r  of l e s s  than 
3 percent after 100 s teps .  This expectation is  borne out by comparison of 
t h e  calculzted so lu t ion  with t h e  exact one. The r e s u l t s  (which correspond to 
curves AA' and AA" i n  sketch ( a ) )  a r e  l i s t e d  below (note  t h a t  t h e  i n i t i a l  
conditions were chosen to l i e  above and below t h e  sepa ra t r ix  by approximately 
equal amounts) . 
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TABLE I 

Curve I n i t i a l  values Numerical r e s u l t s  
a f t e r  100 s teps  

Exact results 
f o r  same s 

wO XO W X W X 

AA' -0.035531 0 1.2411 2.0232 1.2516 2.0189 
AA' ' -0.035537 0 .4686 2.3413 -4595 2.3470 

The point t o  be made here i s  t h a t  t h e  numerical method ( 2 0 )  i s  suffi­
c i en t ly  accurate,  t h a t  i s ,  increasing the  accuracy of numerical in tegra t ion  
would not lead  t o  d iscern ib ly  d i f f e ren t  results t o  t h e  s c a l e  of sketch (a). 

I n s t a b i l i t i e s  

Induced i n s t a b i l i t y .  - The real  s t a b i l i t y  boundary of t he  Runge-Kutta 
method given by equation (20) i s  -2.0 ( r e f .  5, p. 83) .  That i s ,  i n  the  
present case, h i s  Limited t o  t h e  range 

\oh1 < 2 

where cr i s  t h e  l a rges t  negative eigenvalue of t h e  matrix [A]  i n  equa­
t i o n  (16b).  This value i s  o1 = -0.414, so t h a t  h can be as l a rge  as 4.8 
without bringing on t h e  induced i n s t a b i l i t y .  If t h e  d i r ec t ion  of i n t eg ra t ion  
were reversed, t h e  l a rges t  negative eigenvalue would become -02 = -2.41, and 
the re  would be no induced i n s t a b i l i t y  for h < 0.83. Hence, f o r  t he  present 
problem, the re  i s  absolutely no danger of induced i n s t a b i l i t y  with t h e  
s t eps i ze  h = 0.05 used. 

Inherent i n s t a b i l i t y . - From t h e  above discussion, it i s  seen t h a t  t he re  
i s  ac tua l ly  no numerical d i f f i c u l t y ,  e i the r  i n  regard t o  accuracy or t o  
induced i n s t a b i l i t y ,  i n  ca lcu la t ing  t h e  i n t e g r a l  curves m k e d  AA' and AA" 
i n  sketch (a ) ,  t h e  i n i t i a l  values for  which are given i n  t a b l e  I. Thus, i f  
such a r e s u l t  i s  indeed t h e  correct  answer f o r  t h e  problem set, t h e r e  i s  no 
more t o  be sa id .  However, it i s  usually t h e  case t h a t  when a saddle point 
occurs i n  a problem t h e  des i red  r e s u l t  f o r  t h e  i n t e g r a l  curve i s  t h e  separa­
t r i x  or saddle curve. A s  w e  have seen from t h e  example above (sketch ( a ) ) ,  
reaching t h e  saddle point  by forward in tegra t ion  from a given i n i t i a l  posi­
t i o n  i s  d i f f i c u l t  indeed. For t h e  case examined above, t h e  i n i t i a l  condi­
t i ons  for a point on t h e  saddle l i n e  s t a r t i n g  a t  x = 0 a r e  

I 
xo = 0, wo = -2 (7 - 5 J-2) 

Since t h e  computer i s  unable t o  represent exact ly  t h e  number 4 2 ,  it is  

impossible t o  exclude completely terms i n  = e(I*)' *om t h e  so lu t ion  
(s increasing) . 



This i s  an example of an inherent i n s t a b i l i t y  (ref.  4, p. 48). That is ,  
it i s  not poss ib le  t o  exclude from t h e  numerical so lu t ion  t h e  terms i n  equa­
t i o n s  (18) t h a t  contain t h e  growing exponential, = e2.414s. Again, t h i s  
occurs because an i r r a t i o n a l  number cannot be represented exac t ly  on a binary 
d i g i t a l  computer. 

I n  summary 

1. There i s  no numerical d i f f i c u l t y  per se, e i t h e r  with regard to 
accuracy or s t a b i l i t y ,  i n  numerically evaluating i n t e g r a l  curves i n  t h e  
"v ic in i ty"  of a saddle curve. (The p rec i se  d e f i n i t i o n  of v i c i n i t y  i s  gov­
erned by t h e  word length  of t h e  p a r t i c u l a r  computer used f o r  t h e  computation.) 

2 .  The saddle curve i t s e l f  i s  inherent ly  uns tab le  and i t s  numerical 
ca l cu la t ion  involves a l l  t he  d i f f i c u l t i e s  assoc ia ted  wi th  such an i n s t a b i l i t y .  

Numerical In t eg ra t ion  Through Saddle Poin ts  

General dicEsip_n. - Actually, t h e  numerical i n t e g r a t i o n  of saddle curves 
may or may not l ead  to di f f i ' cu l ty .  Reca l l  t h a t ,  by de f in i t i on ,  a saddle 
point can occur only i f  t h e r e  a r e  two real  eigenvalues of opposite s ign  i n  
t h e  [A] matrix of t h e  coupled equations. No matter i n  what d i r e c t i o n  t h e  
in t eg ra t ion  proceeds, therefore ,  t h e r e  is always a p o s i t i v e  eigenvalue i n  t h e  
presence of a negative one; and, again by de f in i t i on ,  an inherent i n s t a b i l i t y  
e x i s t s  i f  t h a t  p a r t i c u l a r  so lu t ion  i s  des i red  for which a l l  e f f e c t s  of t h e  
p o s i t i v e  eigenvalue disappear from t h e  exact ana lys i s .  We now show t h a t  t h e  
numerical d i f f i c u l t i e s  depend upon t h e  r a t i o  of t h e s e  two eigenvalues and t h e  
d i r ec t ion  of i n t eg ra t ion  when t h e i r  magnitudes a r e  unequal. 

Consider equations (15) .  Transform, by an appropr ia te  r o t a t i o n  and d i s  -
placement, t o  a new s e t  of var iab les ,  y1 and y2, t h a t  l i e  along t h e  saddle 
curves, with o r i g i n

)j
at t h e  saddle point i t s e l f  (as shown i n  sketch ( b ) ) .  

This transformation uncouples equa­
t i o n s  (15) and we f i n d  so lu t ions  i n  

Cuve (11 In 
Sketch ( 0 )  

t h e  form 

Y , ( 4  = y l (0 )eOIS1 (21) 

I
Curve (2) in ~-- Y, Y , ( 4  = Yp(0)eo2S
sketch ( 0 )  \

A" 	
The parameter s can be eliminated 
from these  equations, leading t o  t h e  
so lu t ion  

Sketch (b) 


Now if y1 i s  s t a r t e d  a d is tance  -2.5 u n i t s  from t h e  o r i g i n  (saddle poin t )  
and y2 a d is tance  E above t h e  y1 axis, w e  have 
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If w e  proceed t o  in t eg ra t e  (accurately)  t o  where y2 = 1, t h e r e  results 

0 171 
= .-2.5� 

Even i f  E had been chosen as small as y1 would s t i l l  be -0.223 un i t s  
from t h e  yB axis a f t e r  t h e  in tegra t ion .  This accounts for t h e  divergence 
from t h e  sepa ra t r ix  of curves AA' and AA' ' i n  sketch ( a ) .  

Next, not ice  t h a t  i f  conditions a r e  reversed and one starts with 
(y, = E ,  y2 = -2.5) and proceeds t o  in t eg ra t e  u n t i l  y1 = 1, t h e  results 
would be 

y2 = -2.5E 5 -83 

This leads t o  a behavior qu i t e  d i f f e ren t  from t ha t  encountered i n  in tegra t ing  
from A t o  A ' .  To  i l l u s t r a t e  t h i s ,  in tegra t ion  of equations (16) w a s  s t a r t e d  
at point B i n  sketch (a ) ,  and in tegra ted  (using eqs.  (20) with As  = -0.05) 
fo r  140 s teps .  The r e s u l t s  a r e  given by t h e  s o l i d  l i n e  BB' i n  t h e  sketch, 
and t h e  i n i t i a l  and f i n a l  values are presented i n  table  11. 

TABLE I1 

Numerical results Exact r e s u l t s  
a f t e r  140 s teps  fo r  same s Curve I n i t i a l  values 

W X W X W X 

BB' 0 2 - 9  0.91060 2.28417 0.91059 2.28414 

This difference i n  divergence of t h e  numerical so lu t ion  from t h e  saddle 
point can be u t i l i z e d .  Suppose t h a t  one has an i n i t i a l  value problem i n  
which the  i n i t i a l  da ta  a re  given on the  saddle curve i t s e l f  a t  a point  such as 
A i n  sketch (a);  t h e  problem i s  t o  in t eg ra t e  numerically across t h e  saddle 
point and proceed along the  same saddle curve. Suppose, fu r the r ,  t h a t  pro­
ceeding forward ( increasing s )  from A, one found, by experiment, r e s u l t s  
s i m i l a r  t o  those represented by curves AA' and AA" . It would appear, on t h e  
bas i s  of t h e  discussion i n  t h e  previous paragraph, t ha t  one could r ead i ly  
solve t h e  problem by i t e r a t i n g  on results obtained by in tegra t ing  backward 
from s u i t a b l e  guesses near t h e  c r i t i c a l  point (but s t i l l  i n  t h e  same h a l f -
plane as t h e  i n i t i a l  p o i n t ) .  This approach does not succeed i n  a l l  cases; 
t he re  are two conditions under which it e i t h e r  i s  not he lpfu l  or fails  
d isas t rous ly  : 

1. The eigenvalues a1 and o2 a r e  equal i n  magnitude s o  t h a t  t h e  i n t e ­
g r a l  curves a r e  r i g h t  hyperbolas and nei ther  d i r ec t ion  of approach t o  t h e  
saddle point i s  preferred.  
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2. Coupled i n t o  t h e  equations axe other eigenvalues t h a t  are relatively 
l a rge  negative numbers with respect  to forwaxd in tegra t ion .  These become 
l a rge  pos i t i ve  numbers when t h e  d i rec t ion  of i n t eg ra t ion  i s  reversed and l ead  
to ser ious inherent i n s t a b i l i t y .  

It w i l l  be found t h a t  both t h e  above conditions operate i n  t h e  problem of non­
equilibrium channel flow when passing through t h e  th roa t  sec t ion .  Neverthe­
less, t h e  saddle poin ts  t h a t  a r i s e  i n  t h e  so lu t ion  of t h e  blunt-body problem 
by means of t h e  method of i n t e g r a l  r e l a t i o n s  ao indeed approach t h e i r  asymp­
t o t e s  at d i f f e ren t  rates. Thus t h e  device mentioned above may be put t o  good 
use. 

Some ractica1cqnsiderations.- If each of t he  quan t i t i e s  w and x i n+equations 16) i s  considered as a funct ion of s (see eqs.  (lS)), then, f o r  
forward in tegra t ion ,  t h e  saddle point  becomes t h e  point  a t  s = +oo. The der iv­
a t i v e s  w' and x' approach zero as s + m, as shown f o r  w(s) i n  sketch ( c ) .  

Care should be taken t h a t  too much 
ca lcu la t ion  time i s  not wasted i n  
indiscr iminate  attempts t o  in t eg ra t e  
too close to t h e  saddle point  i n  
terms of s. 

An ext rapola t ion  across the  
W saddle point  t o  obta in  i n i t i a l  

values from which the  so lu t ion  can be 
started again on the  opposite s ide  i s  
o f t e n  sa t i s f ac to ry .  The extrapola­
t i o n  should be based on two i n t e g r a l  
curves t h a t  a r e  i n i t i a l l y  very close 

s a 	 and later diverge i n  opposite d i r ec ­
t ions ,  such as curves AA' and AA" i n  

Sketch ( e ) - - Saddle C u r v e  behavior i n  terms of sketch (a). To o f f s e t  t he  inaccuracy
independent v a r i a b l e  6 .  inherent i n  such an extrapolat ion,  

notice t h a t  i n t e g r a l  curves have the  property t h a t  t he  d i r ec t ion  of motion 
along the  curve with increasing s reverses as t h e  saddle point  i s  crossed. 
Hence, by extrapolat ing past t h e  saddle point ,  and reversing the  s ign o f  the  
increment As,  an i n t e g r a l  curve t h a t  approaches the  saddle curve, r a the r  than 
one diverging from it, w i l l  be obtained. This convergence w i l l  not occur i f  
the  saddle point  i s  not passed i n  the  extrapolati.on. For example, s t a r t i n g  a t  
point  C i n  sketch ( a )  and in tegra t ing  134 s teps  with s teps ize  As = h = -0.05, 
the  curve CC' w a s  obtained. The end r e s u l t s  a r e  given i n  t a b l e  111. 

TABU I11 

Curve I n i t i a l  values Numerical r e s u l t s  
a f t e r  134 s t eps  

Exact r e s u l t s  
at same s 

W X W X W X 

cc ' 1.2 2.6 2.0156 4.9518 2.0158 4.9523 

A point on t h e  saddle l i n e  i tself  occurs at w = 4.9528,x = 2.0160, s o  t h a t ,  
even with t h e  "bad s t a x t "  at C y  t h e  in t eg ra t ion  approaches ( f o r  t h i s  example) 
t h e  desired saddle curve with good accuracy. 
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NUMERICAL CALCUIATION O F  EQUILLBRIUM FLOW 

The equations f o r  i nv i sc id  channel flow of a gas i n  chemical equilibrium 
have been given above (eqs. (1)) . These equations were then put i n  autonomous 
form (eqs. (3) ) , and they will be t r ea t ed  i n  t h a t  form i n  the  numerical work 
described below. I n  t h e  following discussion of t h e  'numerical so lu t ion  of 
equations (3),  t h e  eigenvalue s t ruc ture  at  the  th roa t  i s  f i r s t  considered. 
Then the  in t eg ra t ion  process used t o  approach and pass through the  saddle 
point  a t  t h e  throa t  of t h e  channel i s  presented. 

Conditions at t h e  Throat 

Although a l l  so lu t ions  f o r  equilibrium channel flows presented i n  t h i s  
repor t  a r e  f o r  a real  gas i n  chemical equilibrium ( c a r r i e d  out by means of 
t h e  real-gas  program described i n  r e f .  6 ) ,  it i s  i n s t r u c t i v e  to inspect  ana­
l y t i c a l l y  t h e  nature of t h e  so lu t ion  a t  t h e  th roa t  when per fec t  gas approxima­
t i o n s  a r e  va l id .  This i s  because t h e  eigenvalues (as determined numerically) 
at t h e  th roa t ,  f o r  t h e  equilibrium real-gas  flow, show a s i m i l a r i t y  with 
those determined ana ly t i ca l ly  f o r  a per fec t  gas.  

Thus, consider t h e  l o c a l l y  l i nea r i zed  equations f o r  perfect  -gas, channel - .
flow r i g h t  at t h e  th roa t  sec t ion  where Ax = 0 and u = a = a*. The A 
matrix given by equation (12)s impl i f ies  t o  

r o  0 0 -so&*Ax 
3- 1 

0 0 0 


[AI = 
0 0 0 

0 J 
Note t h a t  t h e  only differences between t h i s  r e s u l t  and t h e  corresponding one 
fo r  a real  gas appear i n  t h e  elements a42 and a43, where t h e  terms (aa2/ap), 
and (aa'/ap) have been s impl i f ied  i n  t h e  present case of a per fec t  gas.  

The eigenvalues of t h e  matrix i n  equation (23) me given by t h e  roots of 
t h e  equation 

A f t e r  some reduction, using t h e  r e l a t i o n  ajt2 = a2 = -'' , t h e  eigenvalues 
axe found to be P 



I 

-Cr3 - cs4 = 0 J 
The scal ing f a c t o r  so,  s t i l l  at our disposal ,  is  taken to be 

1 
so = ­

a02 

where a. i s  t h e  sound speed a t  u = 0, t h a t  is ,  under reservoi r  conditions.  
This i s  convenient because then 

when u << a. I n  a l l  cases considered i n  t h i s  repor t ,  the  a rea  va r i a t ion  i s  
taken t o  be 

K = 1 + x 2  (26) 

With t h e  above choices f o r  so and K ,  t h e  nonzero eigenvalues become 

G 1 /  = t[b+ 1 ) 2  a*4r’2 
02 

when y = 1 .4 .  The eigenvalues at t h e  throa t  i n  a perfect-gas flow therefore  
are real  and of opposite s ign.  Hence, t h e r e  is  a saddle point  at t h e  th roa t ,  
and t h e  s i t u a t i o n  i s  one i n  which backward in t eg ra t ion  near (but not across)  
t h e  saddle point becomes useless, as pointed out previously.  The same s i t u a ­
t i o n  i s  found when w e  dea l  with a real  gas, where t h e  eigenvalues are 
numerically determined. 

Calculations Upstream and Downstream of t h e  Throat 

The channel flow equations i n  autonomous form, equations ( 3 ) ,  were i n t e ­
grated numerically by means of t h e  second-order Runge-Kutta procedure d i s  -
cussed above (eqs.  (20) ) .  The f irst  case considered i s  one i n  which t h e  
approximate reservoi r  conditions a r e  
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1.4 -
Upstream 

2.8 - 1 

Upstream
2.4 - Equilibrium 

n .e­
2.0 - ." m 

-
0 


- = 

1.2 ­

.8 ­

. 4  L i I I I _I 
-1.0 - .8  - . 6  - .4 -. 2 0 

x,  cm 

Sketch (a).- I n t e g r a l  curves near t h e  saddle  
curve for a real gas flowing i n  equi l ibr ium 
t h o u g h  a nozzle; reservoi r  conditions, 
equations (28a). 

.6­

.4 ­

.2­


01 I I I I 
-1.0 -.e -.6 -.4 -.2 

x ,  cm 

Sketch (e) .  - I n t e g r a l  curves near t h e  saddle 
curve for a real gas flowing i n  equilibrium 
through a nozzle; reservoi r  conditions, 
equations (28a) . 

To = 10,000 
O 

K} ( 2 8 4  
po = 4470 a t m  

In tegra t ion  w a s  begun at x = -1.0 cm, 
where t h e  th roa t ,  f o r  t h e  channel -

BOO0 - shape given by equation (26) ,  occurs 
at x = 0. Results f o r  four guessed

T,'K values of t h e  i n i t i a l  ve loc i ty  a r e  
7000- - shown i n  sketch ( d ) .  The saddle-

point behavior near x = 0 shows 
c l ea r ly .  Also, sketches ( e )  and ( f )  

6000- - show t h e  ca lcu la t ions  of density p 
and temperature T corresponding t o  
t h e  i n i t i a l  guessed values of veloc-

I I I I - i t y .  Many such curves can be calcu­
-.e - .6 

1,cm 
-.4 -.2 0 l a t e d  i n  a few seconds, and t h e  

computations can e a s i l y  be automated. 
Sketch (f).- I n t e g r a l  curves ne= t h e  saddle  

curve for a real gas flowing i n  equi l ibr ium Thus, i n  t h e  f ina l  program, such solu­
through a nozzle; r e s e r v o i r  conditions, t i o n s  are calculated u n t i l  t h e  saddle 
equations (28a) . point  i s  s u f f i c i e n t l y  w e l l  located,  

0 



-- 

an ex t rapola t ion  i s  made across  t h e  saddle poin t ,  and t h e  in t eg ra t ion  con­
t inued  as far as requi red  downstream, a l l  i n  a single run. The f inal  down­
stream v a r i a t i o n  of t h e  phys ica l  q u a n t i t i e s  u, p, p, and T i s  shown i n  
sketch ( g ) .  These results w i l l  be used later i n  comparisons t o  be made with 
ca lcu la t ions  of nonequilibrium flow. 

I n  support of t h e  claim made above t h a t  t h e  eigenvalues of t h e  equ i l ib ­
rium real-gas flow ca lcu la t ions  are analogous to t hose  for a perfect-gas 
flow, sketch (h)  shows t h e  eigenvalues a c t u a l l y  ca l cu la t ed  ( fo r  r e se rvo i r  con­
d i t i o n s  ( 2 8 ~ ~ ) )as functions of d i s tance  x along t h e  channel. It i s  seen 
t h a t ,  indeed, when x = 0, two of t h e  eigenvalues vanish and t h e  remaining 
two are equal i n  magnitude and of opposite s ign .  (The magnitude of t h e  eigen­
values i s  2.0 r a t h e r  t han  1.83.) I n  t h i s  sketch, only t h e  real  pa r t  of t h e  f
complex eigenvalues i s  shown ( a l l  complex eigenvalues appear as conjugate 
complex p a i r s  s ince  t h e  elements of t h e  matrix [A] a r e  r e a l ) .  The maximum 
magnitude of any eigenvalue i s  l e s s  t h a n  6 i n  t h i s  case, s o  a s t e p  s i z e  
h =As = 0.02 i s  well  within t h e  s t a b i l i t y  boundary (lohi < 2) f o r  t h e  i n t e ­
g ra t ion  method used. A t  no s tage  of t h e  ca lcu la t ions  were any of t h e  eigen­

\ Downstream 
Reservoir 

10,000" K 
4470 a t m  

Equilibrium

\ 

0 

x .  cm 

Sketch (g) . - Channel flow so lu t ion  for a r e a l  gas 
i n  equilibrium downstream from t h e  t h r o a t  Of a 
nozzle; reservoi r  conditions, To = 10,OoOo K, 
po = 4470 atmospheres. 
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values pure imaginary, f o r  which t h e  
Runge-Kutta second-order method i s  
unstable ( see  r e f .  5, p .  83). Hence 
t h e  e x p l i c i t  equations (20) were 
adequate fo r  so lu t ion  throughout t h e  
e n t i r e  range. 

6 -

Equilibrium 
High density case 

U To= l0,ooO' K 

po = 4470 a im 
Real pori of eigenvalue 

I 

- I - \--
J 
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- 4 - k 0  I 2 3 4 5 6 7 8 

a. cm 

Sketch (h) .- Local eigenvalues i n  t h e  equations 
represent ing t h e  channel flow of a real gas 
i n  equi l ibr ium flowing through a nozzle; 
reservoi r  conditions, To = 10,OOOo K, 
po = 4470 atmospheres. 
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The eigenvalue pa t t e rns  f o r  two other so lu t ions ,  corresponding t o  
assumed equilibrium channel flow with r e se rvo i r  conditions 

To = 8,000° K (28b) 
po = 100 a t m  

and 
To = 10,OOOo K 

PO = 0.2 a t m  J 

a r e  shown i n  sketches (i)and ( j )  . The sca l ing  ( f ac to r  so i n  eqs. (3 ) )  was 
chosen so  t h a t  t h e  r i g h t  s i d e  of equation (3d) w a s  1a t  t h e  beginning of t h e  
in t eg ra t ion .  It i s  i n t e r e s t i n g  t o  note t h a t  i n  s p i t e  of t h e  l a r g e  d i f fe rence  

4470 a t m ) ,i n  r e se rvo i r  pressures (0.2 t o  
a l i k e  i n  shape and magnitude i n  t h e  t h r e e  
flow for t h e  same t h r e e  s e t s  of r e se rvo i r  
s ec t ion .  

7- 
 T 

6 - t 
To= 8000" K 
po=100 alm 

Real port of cigcnvoluer 

- I  ­

- 4 L J - I  I I I I I I I 
-I 0 I 2 3 4 5 6 7 8 

x. cm 

Sketch (i).- Local eigenvalues i n  t h e  equations 
represent ing t h e  channel flow of a r e a l  gas 
i n  equi l ibr ium flowing through a nozzle; 
reservoi r  conditions, To = 8000° K, 
po = 100 atmospheres. 

t h e  eigenvalue curves a r e  much 
cases.  The nonequilibrium real-gas 
conditions i s  examined i n  t h e  next 

7- T 

I I I I I I I I , 

- 4 . f O  I 2 3 4 5 6 7 8 

a. cm 

Sketch (j).- Local eigenvalues i n  t h e  equations 
represent ing t h e  channel flow of a real gas 
i n  equi l ibr ium flowing through a nozzle; 
reservoi r  conditions, T, = 10,000~ K, 
po = 0.2 atmospheres. 
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" E R I C A L  CALCULATION OF NOITEQUILIBRIUM FLOW 

Introduct ion 

A va r i e ty  of problems can arise when one seeks t o  make numerical ca lcu la­
t i o n s  of a gas flowing out of chemical equilibrium. Some of these  a.re d i s ­
cussed i n  t h e  following. The problem of providing a s u i t a b l e  mathematical 
model i s  not considered here; we use t h e  same model as t h a t  described i n  r e f ­
erence 2, which, i n  tu rn ,  w a s  taken from references 7 and 8. There i s  no 
e s s e n t i a l  d i f f i c u l t y  i n  cast ing t h e  equations i n  f in i t e -d i f f e rence  form. I n  
f a c t ,  t h e r e  i s  l i t t l e  numerical d i f f i c u l t y  i n  constructing t h e  [An] matrix 
(see eq. (13)) i f  it i s  required.  The real  d i f f i c u l t i e s  are more fundamental. 
For example, t h e  saddle-point problem s t i l l  occurs i n  t h e  th roa t  region, and, 
if t r e a t e d  i n  t h e  way out l ined above, requi res  an extrapolat ion of a l l  nine 
species across t h e  c r i t i c a l  point (which i s  no longer exact ly  at t h e  minimum 
sec t ion ) .  I n  addi t ion,  t h e  problem of p a r a s i t i c  eigenvalues (numerically 
l a r g e  negative eigenvalues which, f o r  numerical s t a b i l i t y ,  fo rce  an unnatu­
r a l l y  small s t e p  s i z e ,  see  ref .  2) can now a r i s e .  Furthermore, these  para­
s i t i c  eigenvalues appem near t h e  beginning of t h e  calculat ions ( i . e . ,  i n  t h e  
th roa t  sec t ion)  r a t h e r  than downstream as is t h e  case i n  t h e  study of 
nonequilibrium flow behind shocks. 

The above d i f f i c u l t i e s  can be compounded i n  some calculations-when t h e  
gas i s  very nearly i n  equilibrium, because, i n  such a case,  t h e  Q1 i n  equa­
t i o n s  (4)  and (5 )  a r e  composed of terms formed by t h e  product of very small 
and very l a rge  terms (indeterminate forms i n  t h e  mathematical model when t h e  
equilibrium l i m i t  i s  approached) . Surpris ingly,  t h i s  near indeterminacy 
appeared t o  c a m e  no t rouble  i n  any of t h e  ca lcu la t ions  ca r r i ed  out.  This 
matter i s  reserved for discussion i n  t h e  l as t  sec t ion  after t h e  results have 
been presented. 

P a r a s i t i c  Eigenvalues 

It i s  well known t h a t  t h e  equations representing a gas flowing i n  chemi­
c a l  equilibrium have l o c a l  p a r a s i t i c  eigenvalues. That i s ,  some of t h e  eigen­
values of t h e  [An] matrix (found by put t ing eqs. (5 )  i n  t h e  form of eq. (10)) 
a r e  very l a rge  negative numbers compared t o  others  t h a t  determine t h e  solu­
t ion. '  I n  flows from nozzles with high reservoi r  pressures,  these  p a r a s i t i c  
eigenvalues appear upstream of t h e  t h r o a t .  4 

Some of t h e  eigenvalues f o r  flow from t h e  reservoi r  conditions given i n  
equation (28a) a r e  shown2 i n  f igu re  1. Actually, severa l  l a rge  negative 
eigenvalues a r e  contained i n  t h e  l o c a l  [A,] matrix. The th ree  l a rges t  ones 
a r e  shown i n  t h e  f igure .  Now it should be mentioned t h a t ,  fo r  these  reservoi r  
conditions,  t h e  gas i n  t h e  nozzle between t h e  reservoi r  and a sec t ion  about 

~ .~ - .. . . . . . .  .. ~ . .  .~ . . .  . .  
~ 

'These eigenvalues, which determine t h e  solut ion,  a r e  ca l l ed  dr iving 
eigenvalues. 

2Notice t h e  numerical evidence of s ingular .  behavior at t h e  c r i t i c a l  
po in t .  
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3 e m  downstream from the  th roa t  i s  very nearly i n  equilibrium. This can be 
shown by comparing solut ions f o r  a nonequilibrium case with those f o r  a n  equi­
l ibrium one ( f i g .  2 ) .  I n  t h i s  region of near equilibrium, the  eigenvalues 
t h a t  a r e  ac tua l ly  dr iving the  so lu t ion  a re  those already shown i n  sketch (h) , 
t w o  of which are a l so  included i n  f igure  1 f o r  comparison. This extreme d i f ­
ference (about &lo7) between t h e  l a rges t  negative eigenvalues and t h e  dr iving 
eigenvalues forces  one, p r a c t i c a l l y  speaking, t o  an impl ic i t  numerical 
i n t eg ra t ion  method. 

A s  i n  reference 2, equations ( 5 )  were converted t o  equations (10) ,by cal­
cula t ing  t h e  elements (a i j )n numerically, t h a t  i s ,  by using equation (13). 
The modified Euler impl ic i t  di f ferencing scheme 

w a s  used, leading t o  t h e  formula 

Calculations were s t a r t e d  at x = -1 em, and a l l  in tegra t ions  were ca r r i ed  
out with s as t h e  independent var iab le .  Although t h e  product of t h e  s t e p  
s i z e  and t h e  l a rges t  negative eigenvalue s t a r t e d  as high as -8000, t h e  r e s u l t s  
were sa t i s f ac to ry ,  as i l l u s t r a t e d  i n  f igu re  2, where t h e  nonequilibrium c a l ­
culat ions a re  compared with t h e  previously discussed equilibrium ones. The 
equilibrium species concentrations shown i n  f i gu re  2(b) a r e  r ead i ly  calcu­
l a t e d  for  t h e  given reservoi r  composition from t h e  assumption of chemical 
equilibrium and knowledge of two thermodynamic var iab les ,  say, density p 
and temperature T as shown i n  f i gu re  2 ( a ) .  

The saddle-point problem w a s  t r e a t e d  exact ly  as i n  t h e  equilibrium case 
by f inding t w o  i n t e g r a l  curves tha t  diverged t o  opposite s ides  of t h e  c r i t i ­
c a l  po in t .  The r e s u l t s  fo r  p, u, and T a r e  shown i n  sketches ( k ) ,  ( a ) ,  and 
( m ) .  Extrapolation across t h e  saddle point w a s  ca r r ied  out for  t he  ve loc i ty ,  
density,  and temperature. The individual  species were a l s o  extrapolated,  but 
t h e  downstream ca lcu la t ions  appeared t o  be s e n s i t i v e  t o  small changes 
("errors")  i n  t h e  species concentrations; hence, f o r  t h e  r e s u l t s  shown, only 
t h e  ve loc i ty ,  density,  and temperature were extrapolated,  and t h e  species 
concentrations were chosen t o  be those i n  exact equilibrium with t h e  

' 1  
 extrapolated t emperat ure  and densi ty .  

Sketches (k)  and ( a )  a l s o  show t h e  r e s u l t  of "bad" extrapolation; t h a t  
i s ,  t h e  c i r c l ed  points  a r e  t h e  r e s u l t s  of ca lcu la t ions  made with de l ibera te  
e r ro r s  i n  t h e  extrapolat ions for p, u, and T ( these  correspond t o  t h e  
example of t h e  curve marked CC' i n  sketch ( a ) ) .  I n  t h i s  case, t h e  conver­
gence of t h e  i n t e g r a l  curves t o  t h e  saddle curve i s  evident.  N o  cases t o  t h e  
contrary were found, although no "extreme" errors were t r i e d .  
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To = 10,000"K 
po = 4470 aim 

Both sides 
nonequilibrium 

0 
-.8 - .4 0 . 4  .a 1.2 

x,  cm 

Sketch (k) .- I n t e g r a l  curves near t h e  saddle  
curve f o r  a r e a l  gas i n  nonequilibrium flow 
through a nozzle; reservoi r  conditions, 
To = 10,OOOo K, po = 4470'atmospheres. 

To = 10 ,OW K 
9470 alm 

I I I I4000 -.e -.4 .4 .e 1.2 
a. cm 

Sketch (a).- I n t e g r a l  curves near t h e  saddle  
curve f o r  a r e a l  gas i n  nonequilibrium flow 
through a nozzle; reservoi r  conditions, 
To = 10,OOOo K, po = 4470 atmospheres. 
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Sketch ( L) .- I n t e g r a l  curves near t h e  saddle  
curve f o r  a real gas i n  nonequilibrium flow 
through a nozzle; reservoi r  conditions, 
T = 10,OOOo K, po = 4470 atmospheres.
0 

The eigenvalues f o r  t h e  two 
lower pressure reservoi rs ,  given i n  
equations (28b) and ( 2 8 ~ ) ,as well  as 
t h e  solut ions f o r  t h e  nonequilibrium 
flow through t h e  nozzle region under 
these  conditions,  are shown i n  f i g ­
ures 3 through 6. The p a r a s i t i c  
eigenvalues tend  t o  disappear as t h e  
reservoi r  pressure drops, and, i n  
fact, i n  t h e  lowest pressure case 
they have, f o r  p r a c t i c a l  purposes, 
vanished. The l a t t e r  case, therefore ,  
can be in tegra ted  a l l  t h e  way from 
x = -1 using t h e  e x p l i c i t  method 

I 
1.6 defined i n  equation (20 ) .  

Notice t h a t  fo r  t h e  conditions 
given i n  equation 2 8 ( ~ )(low r e s e r ­
vo i r  pressure)  t h e  nozzle i s  out of 
equilibrium well  upstream of t h e  



- -  

I 

minimum sec t ion .  I n  t h i s  case, a l l  of t h e  species ,  as w e l l  as t h e  ve loc i ty  
and thermodynamic var iab les ,  had t o  be extrapolated across  t h e  saddle  poin t .
For t hese  conditions,  however, t h i s  procedure appears t o  give q u i t e  satisfac­
t o r y  values as t h e  r e s u l t s  shown i n  f igu re  6 ind ica t e  by t h e i r  smoothness. 

Calculat ions Made N e a r  Equilibrium 

A s  mentioned i n  t h e  introduct ion t o  t h i s  sec t ion ,  some s p e c i a l  problems 
arise when t h e  flow i s  near ly  i n  equilibrium, due t o  a numerical indeterminacy 
i n  t h e  species  production Q i  (see eqs.  ( 4 ) ) .  This  indeterminacy arises i n  t h e  
t h e  product of X i ,  t h e  "degree of nonequilibrium," ( r e f .  7) X i  + 0 as equi­-
l i b r i u m  i s  approached. For example, a typical X i ,  for t h e  reac t ion  N2 2 2N, 
i s  given by 

1.2 -

where K 2  is  t h e  equilibrium constant 
1.0­ f o r  t h e  r eac t ion  spec i f ied .- ..... ........ A l l  computations were made i n  

0 . .  

. 8 -. .. ' . . *  * .... 8-place (27-bi t )  f loa t ing-poin t  a r i t h ­..... metic, and i n  t h e  numerical calcula­..* .  t i o n s  under near equilibrium 
,
-..* conditions t h e  subt rac tions needed t o  

* '. form t h e  X i  (e .g . ,  eq. (32 ) )  l o s t. .. .  some of t h e  s ign i f i can t  f i gu res .  
* e.. 4 - .. 	 Although a quan t i t a t ive  ana lys i s  of 

t h e  processes involved has not been 

2 ­

g L  ~ --L.-~.- 11 
-1.0 - . 8  - .6 - . 4  -.2 

x, cm 

Sketch (n)  .- The f luc tua t ion  of du/ds i n  
ca lcu la t ions  made very near equilibrium; 
upstream from nozzle. 

I I I I 1-

O l  
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c a r r i e d  out , t h e  numerical evidence 
ind ica ted  t h a t  t h e  loss  w a s  not d i sa s ­
t rous .  It i s  thought t h a t  t h i s  i s  due 
t o  t h e  fact t h a t  t h e  product of s t e p  
s i z e  and dr iving eigenvalues w a s  suf­
f i c i e n t l y  small t h a t  v a l i d  information 
w a s  obtained from whatever s ign i f i can t  
f i gu res  remained. A t  any rate,  s u f f i ­
c i en t  information w a s  r e t a ined  t o  
provide t h e  accuracy indicated i n  
f i g u r e  2 f o r  t h e  high-pressure reser­
v o i r  conditions (28a) and t h e  flow 
model impl ic i t  i n  equations ( 5 ) .  

I n  near equilibrium ca lcu la t ions  , 
most of t h e  der iva t ives  f luc tua ted  
within a band on 

-3 - . .. .  . .  . .  . .  For example, t y p i c a l  r e s u l t s  f o r  
du/ds on t h e  upstream and downstream 
s i d e  of t h e  t h r o a t  are  shown i n  

-4L I 
2 

I 
4 

I I 
6 

.,cm 
8 

I I 
1.0 1.2 

I 
I.. sketches (n)  and (0). This kind of 

successive s t e p s .  
. . .  

behavior f o r  t h e  derivative terms i s  
t y p i c a l  of t h e  unconditionally s t a b l e  

Sketch (0).- The f l u c t u a t i o n  of du/& i n  
ca lcu la t ions  made very near equilibrium; 
downstream from nozzle. 
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impl ic i t  methods when they are being used i n  t h e  presence of l a r g e  negative 
eigenvalues. The following is of fered  as an explanation: 

1. The so lu t ion  t o  t h e  difference equations ( i n  l i nea r i zed  form, a t  
least)  depends upon t h e  sum of a number of terms represented (for t h e  imp l i c i t  
modified Euler method) by 

where n i s  s t e p  number, ak is  an eigenvalue i n  [A,], and ck i s  a constant 
t h a t  depends on t h e  i n i t i a l  condi t ions.  

2. If hak i s  negative,  t h e  magnitude of t h e  term i n  brackets i s  always 
less  than 1, but if hok i s  a l a r g e  negative number, t h e  magnitude of t h e  
t e r m  within brackets i s  not much less than  1, arid, furthermore, it i s  always 
negative . 

3. In effect ,  then, t h e  so lu t ion  of t h e  d i f fe rence  equation i s  composed 
of two kinds of terms. For example, 

dr iving terms 

w = W + . . . '  

p a r a s i t i c  terms 

4. The terms (-0.999 . . . ) "  o s c i l l a t e  between -tland -1as n i s  
even or odd and i f  t h e  coe f f i c i en t s  ck, . . . are  not exact ly  zero 
( they cannot be exact ly  zero i n  t runca ted  f loat ing-point  a r i t hme t i c ) .  This  
w i l l  appear as "noise" a t  some level  of  s ign i f icance  i n  t h e  numerical 
so lu t ion .  

5. Apparently, f o r  t h e  mathematical model chosen and f o r  t h e  a r i thmet ic  
used t o  study it, t h i s  noise  i s  j u s t  below t h e  leve l  of usable information i n  
t h e  values of t h e  dependent va r i ab le s  at near equi l ibr ium conditions.  

When ca lcu la t ions  were made even s l i g h t l y  away From equilibrium, t h e  
f luc tua t ions  ( t o  t h e  scale shown) disappeared and t h e  numerical ca lcu la t ions  
appeared "normal." For example, t h e  t r a n s i t i o n  from f luc tua t ing  t o  r e l a t i v e l y  
smooth values of t h e  der iva t ive  du/ds i s  seen i n  sketch ( 0 )  to occur about 
1 c m  after passing t h e  minimum sec t ion  i n  t h e  high pressure case.  To t h e  
scale used i n  f i g u r e  1, t h e  gas i s  not y e t  out of equilibrium u n t i l  about 3 c m  
downstream fYom t h e  throa t .  
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CONCLUDING REMARKS 

For problems that r equ i r e  t h e  numerical i n t eg ra t ion  of d i f f e r e n t i a l  
equations through a saddle-point type of s ingu la r i ty ,  it i s  necessary (1)to 
i d e n t i f y  t h e  loca t ion  of t h e  saddle point and then  (2) to use s p e c i a l  numeri­
c a l  techniques t o  obta in  t h e  so lu t ion  of t h e  d i f f e r e n t i a l  equations i n  t h e  
saddle-point v i c i n i t y .  If t h e  eigenvalues of t h e  system having d i f f e ren t  
s ign  a r e  a l s o  of d i f f e ren t  magnitude, t h e  technique of backward in tegra t ion ,  
t h a t  is, in t eg ra t ion  from t h e  saddle-point v i c i n i t y  outward, m y  be usefu l .  

Large p a r a s i t i c  eigenvalues may be present i n  t h e  numerical i n t eg ra t ion  
of t h e  d i f f e r e n t i a l  equations governing t h e  flow of a gas out of chemical 
equilibrium. I n  t h e  model chosen, t h i s  w a s  p a r t i c u l a r l y  t r u e  near t h e  t h r o a t  
of t h e  nozzle, and t h e  seve r i ty  of t h e  p a r a s i t i c  behavior increased with 
increasing dens i ty .  Use of an impl ic i t  numerical method i s  recommended f o r  
t h e  most severe cases. 

Ames Research Center 
National Aeronaut i_ c s  and Space Administration 

Moffett F ie ld ,  C a l i f . ,  94035, Jan .  6, 1969 
129-01-02-05-00-21 
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(b) Species concentrations. 

Figure 2. - Concluded. 
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po = 0.2 atmosphere. 
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